In this paper, we give the explicit formulas for the eigenvalues, and the eigenfunctions, of the Dirichlet and also the Neumann eigenvalue problems of the Laplacian on the crystallographic Euclidean domains. We show the Poisson summation formulas of the Dirichlet and Neumann heat kernels.
Introduction
Studies of the Dirichlet eigenvalue problems and the Neumann eigenvalue problems for crystallographic Euclidean domains have been done by A. Pinsky [8] , and P. Bérard [1] . In particular, Bérard [1] determined the eigenvalues and eigenfunctions of their eigenvalue problems in terms of the fundamental weights of root systems of the affine Weyl groups. In this paper, we shall give concrete expressions of the eigenvalues and the eigenfunctions on each crystallographic domain DðRÞ for all irreducible root systems, namely,
(1) we determine explicitly the crystallographic Euclidean domains DðRÞ, namely, the fundamental domains of affine Weyl groups of irreducible affine root systems R.
(2) We write down all the Dirichlet eigenvalues and Neumann eigenvalues of DðRÞ explicitly. (3) In the cases of type A ' , B ' , C ' , D ' and G 2 , we determine the Dirichlet eigenfunctions explicitly in terms of the determinant, and the Neumann eigenfunctions in terms of the permanent Permð Þ. Here, the permanent, Permð Þ, is by definition given by changing all the signs in the definition of the determinant into þ1. For the other four cases E 6 , E 7 , E 8 and F 4 , we can not give the formulas because their Weyl groups are so complicated.
(4) Finally, we show the Poisson summation formulas of the Dirichlet and Neumann heat kernels e D ðt; x; yÞ, e N ðt; x; yÞ and show the asymptotic behaviours when t À! 0þ.
Crystallographic Euclidean Domains

The root systems and basics of affine Weyl groups
We first introduce the basic facts on the affine Weyl groups of root systems. Let V ¼ R ' be the '-dimensional Euclidian space with the inner product ðjÞ. A finite subset R of V is called a (reduced) root system if it satisfies the following properties ( [4] , p. 169$170):
(1) o = 2 R, and R generates V. (2) For each 2 R, there exists _ 2 V Ã (the dual space of V) which satisfies that h; _ i ¼ 2, for 2 R and 2 R, h; _ i 2 Z, and À h; _ i belongs to R. (3) For each 2 R, if c 2 R (c 2 R), then c ¼ AE1. Here, we denote for each x 2 V and x Ã 2 V Ã , x Ã ðyÞ ¼ hy; x Ã i ¼ ðxjyÞ, y 2 V, where we identify x Ã with x, and put R _ ¼ f _ j 2 Rg. Here, it holds that _ ¼ 2
ðjÞ . An element in R is called a root. The rank of the root system R is defined as dimðVÞ ¼ '. We fix an order > on R in the sequel.
Next, for each 2 R, let L be the hyperplane of V through the origin o defined by L ¼ fx 2 V j ðjxÞ ¼ 0g; and a connected component of complementary set of S 2R L & V is said to be a Weyl chamber. We take a positive Weyl chamber CðRÞ, which is by definition, CðRÞ ¼ fx 2 V j ðjxÞ > 0 ð8 2 R; > 0Þg:
For each 2 R, and k 2 Z, let
All the connected components of the complement of [ 2R;k2Z L ;k in V, are called to be alcoves. Among them, we fix the one whose closure includes o and is included in CðRÞ, written by DðRÞ.
For each 2 R, the transformation S of V defined by S ðxÞ :¼ x À ðxj _ Þ ðx 2 VÞ; ð2:1Þ
is called a reflection with respect to L . The Weyl group, WðRÞ is by definition a finite group which is generated by S ðxÞ ð 2 RÞ. The affine Weyl group W a ðRÞ is the group which is generated by S ;k ð 2 R; k 2 ZÞ, where S ;k is defined by
which is called a reflection relative to L ;k .
Definition 2.1. We define the subgroup of V, QðRÞ, by
which is generated by R, and also QðR _ Þ by
ð2:4Þ
We define the set of weights of R by
Bérard's works
Let us consider the Dirichlet (resp. Neumann) eigenvalue problem on the alcove DðRÞ of root system R,
resp. @u @n ¼ 0 ðon @DðRÞ .
< :
ð2:6Þ
Then, Bérard ([1] ) obtained the following.
Theorem 2.2 (P. Bérard).
(1) All the Dirichlet eigenvalues on DðRÞ are given by
(7) In the case of type E 8 , DðRÞ is the 8 dimensional polygon which has 9 vertices, 
In the case of type G 2 , DðRÞ is the 2 dimensional polygon which has 3 vertices,
6 ! 2 and the origin o. The fundamental weights are given as follows.
ð3:6Þ
Proof.
(1) In the case of type A ' (' ! 1),
Therefore,
Therefore, DðRÞ is the ' dimensional polygon which has ' þ 1 vertices ! 1 ; ! 2 ; Á Á Á ; ! ' and the origin o.
In the remaining cases from (2) to (9), we can prove them in the same manner. Ã
Calculation of the eigenvalues
We calculate explicitly every eigenvalue for DðRÞ of each irreducible root system R. We have
Here, in the case of the Dirichlet eigenvalue problems, each integer n i runs over the set of all the '-tuples ðn 1 ; Á Á Á ; n ' Þ which satisfy the conditions: n 1 > 0; Á Á Á ; n ' > 0, and in the case of the Neumann eigenvalue problems, each integer runs over the set of all the '-tuples ðn 1 ; Á Á Á ; n ' Þ which satisfy the conditions: n 1 ! 0; Á Á Á ; n ' ! 0. We calculate each eigenvalue by substituting of calculation of ! i as follows. 
Here, ð! i j! j Þ ¼ minði; jÞ ð1 i; j ' À 2Þ; 
In the case of type E 8 , (9) In the case of type G 2 ,
Calculation of the eigenfunctions
For an irreducible root system R, we express both the Dirichlet eigenfunctions on DðRÞ in terms of the determinant and the Neumann eigenfunctions on DðRÞ in terms of the permanent, respectively. By Berard's work ( [1] ), the Dirichlet eigenfunctions are given by (2.9), and the Neumann eigenfunctions are given by (2.10), respectively. Then, we have 98 HOSHIKAWA and URAKAWA
Here, Detð Þ is the determinant of degree '. And for each s ¼ ' and t ¼ 1; Á Á Á ; ', e 2iðn s þÁÁÁþn 'À1 Þx t is 1 in the ðs; tÞ-component in the right hand side of (5.1). Then, we have the following:
(1) In the case of type A ' ,
(2) In the case of type B ' , 
where Permð Þ is the permanent, which is given by changing all the signs in the definition of the determinant into þ1. In the right hand side of (5:8), for each s ¼ ' and t ¼ 1; Á Á Á ; ', e 2iðn s þÁÁÁþn 'À1 Þx t ¼ 1 for the ðs; tÞ-component. Then, we have:
, page 207, the Weyl group WðRÞ of A ' type (' ! 1) is isomorphic to the symmetric group S 'þ1 , and the isomorphism is given as follow. Let f" 1 ; " 2 ; Á Á Á ; " 'þ1 g be the standard basis of R 'þ1 and we put
For an arbitary automorphism g of V, let 'ðgÞ be an automorphism of R 'þ1 which is an extension of g, and makes
If g is the restriction to V of the orthogonal reflection s " i À" j (cf. §2) which exchanges " i and " j of R 'þ1 , we have that 'ðgÞ ¼ s " i À" j . If we put X :¼ f" 1 ; " 2 ; Á Á Á ; " 'þ1 g, then the mapping g 7 !'ðgÞj X gives an isomorphism between WðRÞ and the symmetric group of X. Here, if we put
p ðiÞ " i ðw 2 WðRÞ; p 2 PðRÞ \ CðRÞÞ;
we have
Then,
x j p ð jÞ ð5:15Þ
ð5:16Þ
Therefore, if we put p ¼ P ' j¼1 p j " j , we have
ð5:17Þ 4] p. 241, the Weyl group, WðRÞ, of B ' type (' ! 2) is isomorphic to the semidirect product of the symmetric group S ' and ðZ=2ZÞ ' , and the correspondence is given as follows. In R ' , the orthogonal reflection s " i À" j ði 6 ¼ jÞ induces a group G 1 which is isomorphic to the symmetric group S ' . And the orthogonal reflection s " i exchanges " i and À" i , and makes " k invariant for all k 6 ¼ i. Therefore, s " i ð1 i 'Þ induces a group G 2 which isomorphic to ðZ=2ZÞ ' , and the Weyl group WðRÞ is the semi-direct product of G 1 and G 2 . Therefore,
sgnðÞ sgnðuÞ e 2iðxjð pÞÞ : ð5:19Þ
For every element u 2 G 2 , it holds that
Therefore, we have e 2iðxjuðð pÞÞÞ ¼ e The sign of the transformation u of R ' which is defined by " 1 7 !u 1 " 1 ; " 2 7 !u 2 " 2 ; Á Á Á, and " ' 7 !u ' " ' (where, u i ¼ AE1), is equal to sgnðuÞ ¼ Q ' i¼1 u i . Then, we have 
Therefore (5.21) is equal to the equation which is given as follows:
ð5:23Þ
Therefore, we have
Therefore, we obtain the required formula for J p ðxÞ, and (2). (3) In the case of type C ' , we only have to prove 
Similarly, by Chapter 6, §4, n 9 in [4] p. 248, the Weyl group WðRÞ of type D ' (' ! 3) is isomorphic to the semi-direct product of the symmetric group S ' and ðZ=2ZÞ 'À1 , and the isomorphism is given as follows. In R ' , all orthogonal reflections s " i À" j ði 6 ¼ jÞ induce a group G 1 which is isomorphic to the symmetric group S ' . On the other hand, s ij ¼ s " i À" j s " i þ" j sends " i to À" i , and " j to À" j , respectively, and makes " k invariant for each k 6 ¼ i; j. The group G 2 which is generated by all of the s ij which consists of all the automorphisms u of R ' satisfying the condition that uð" i Þ ¼ ðÀ1Þ
The group G 2 is isomorphic to ðZ=2ZÞ 'À1 , and WðRÞ is the semi-direct product of G 1 and G 2 .
In addition, by the equality
x j u j p ð jÞ ;
x j u j p ð jÞ :
ð5:27Þ
In the case of type D ' , by using Theorem 3.2 (4), p ¼ P ' i¼1 n i ! i can be expressed as (3.5). If we put p ¼ P ' i¼1 p i " i , then
Therefore, (5.27) is equal to the following: X " 1 ;" 2 ;ÁÁÁ;" ' ¼AE1;
Furthermore, we make this into of the simpler form as follows.
Therefore, we obtain the required for formula J p ðxÞ and (4). (5) In the case of type G 2 , since the angle between 1 and 2 is equal to 5 6 , WðRÞ is isomorphic to the dihedral group of order 12 ( [4] ). Since 
for all x ¼ ðx 1 ; x 2 ; Á Á Á ; x ' ; x 'þ1 Þ 2 R 'þ1 . We come back to the situation of the proof Theorem 5.1. We have
Then, we have to substitute (5.17) into (5.30). To carry this out, we should summarize the fundamental properties of the permanent PermðAÞ for a matrix A ¼ ða ij Þ of degree n as follows. By definition, the permanent PermðAÞ is given by
(i) For every scalar c,
(ii) Here, A j stands for the j-th column vector of A (j ¼ 1; . . . ; n).
Affine Weyl Groups and the Boundary Value Eigenvalue Problems of the Laplacian
By substituting (5.17) into (5.30), and by making use of only (i) and (iv) in the above properties of the permanent, we have (5.29).
In the same way, we have (2), (3), (4) and (5) where for all t > 0, x; y 2 R ' , and we also identify x 2 R ' with its projection onto the flat torus R ' =À in the left hand side in (6.1). Recall that PðRÞ is the set of all the weights of R, which is given by PðRÞ
is the set of all the fundamental weights which is by definition ð! i ; j _ Þ ¼ ij (i; j ¼ 1; Á Á Á ; '). Then, we have immediately:
Theorem 6.1 (Bérard [1] 
counted with their multiplicities, respectively. Then, by Theorem 6.3, we obtain. It is a very interesting problem to study the asymptotic behaviors of Z D ðtÞ and Z N ðtÞ when t ! 0þ to calculate the above integrals in (6.9) and (6.10) over DðRÞ.
We first show that only the finite number of elements in the set À contribute the asymptotic behaviors of Z D ðtÞ and Z N ðtÞ. To do it, let us consider the following open subset F ðRÞ in R ' and the corresponding positive number aðRÞ:
jsecond termj #ðWðRÞÞ X 16t for some positive number b which is rapidly decreasing when t ! 0þ. By the similar way for Z N ðtÞ, we obtain the following theorem: Theorem 6.8. When t tends to zero, the asymptotic behaviors of the zeta functions Z D ðtÞ and Z N ðtÞ are as follows.
( ðas t ! 0þÞ: ð6:21Þ
Here jDðRÞj stands for the volume of DðRÞ.
Proof. Let us recall W a is a semi-direct product of WðRÞ and À, so we denote W a ¼ fg ¼ ð; wÞ j 2 À; w 2 WðRÞg whose action on R ' is given by gx ¼ wx þ ; ðx 2 R ' ; w 2 WðRÞ; 2 ÀÞ:
The closure DðRÞ of DðRÞ is a fundamental domain for W a , and W a acts simply transitively on the set of all alcoves. In particular, for each g 2 W a (g 6 ¼ e), the action of g has no fixed point in DðRÞ.
For an arbitrarily small > 0, the exists a positive number > 0 such that the -neighborhood from the boundary @DðRÞ in DðRÞ, N :¼ fx 2 DðRÞjdðx; @DðRÞÞ < g has the volume jN j which is smaller than . Then, for each g 2 W a (g 6 ¼ e), since jx À gxj > 0 ð8 x 2 DðRÞnN Þ and DðRÞnN is compact, there exists a positive constant cðg; Þ > 0 such that jx À gxj 2 ! cðg; Þ ð8x 2 DðRÞnN Þ: dx ! 0 ðas t ! 0þÞ:
Together this with Theorem 6.8, we have the desired result (1) in Theorem 6.9 because the set fg ¼ ð; wÞ j 2 À 0 ; w 2 WðRÞg is a finite one, and for g ¼ e ¼ ð0; 1Þ 2 W a , Z DðRÞ e À jxÀgxj 2 4t dx ¼ jDðRÞj:
For the Neumann zeta function, we can prove Theorem 6.9 (2) in the similar way. Ã
Remark. Both Theorem 6.9 and this proof are due to the referee, and the authors would like to express their gratitude to him.
